ABSTRACT We optimize an image sensor-based indoor visible light positioning (VLP) system by improving the positioning algorithm. Specifically, we derive a close-form expression to determine the receiver's position and orientation using the singular value decomposition (SVD) technique, which speeds up the positioning process and enhances the robustness. Simulation results show that the proposed SVD-based noniterative positioning algorithm is 50-80 times faster than the conventional iterative Levenberg-Marquardt-based algorithm and avoids the possible failures caused by the bad initial guesses. Meanwhile, we theoretically investigate the VLP system by deriving the Cramer-Rao lower bound and the root mean square error bound as the positioning accuracy limit and study the impact of system parameters on the positioning error. Finally, we experimentally evaluate the performance of the improved VLP system. It achieves highly robust and fast 3-D positioning with centimeter-level accuracy. 
I. INTRODUCTION
With the increasing demand on indoor positioning and navigation for various location-based services and applications, indoor positioning systems (IPSs) have attracted worldwide interest and investigation. To date, a number of IPSs have been proposed based on various technologies including Wi-Fi [1] , Bluetooth [2] , RFID & fingerprinting [3] , [4] , Ultra-Wide Band (UWB) [5] , and Infra-Red [6] etc.. However, each of them has respective deficiencies and is only applicable to certain scenarios [7] . Wi-Fi and Bluetooth based IPSs generally have low positioning accuracy (PA) due to the multipath effect. RFID & fingerprinting based IPSs localize objects by matching the received signal properties with that stored in a database, therefore can only support rough localization and may suffer a long response time if the database is large. UWB and Infra-Red based IPSs can achieve high PA in centimeters, but they are costly for implementation and widespread deployment. As white LED-based lighting is anticipated to gradually replace the conventional lighting, visible light positioning (VLP) is considered as a very promising solution with the merits of high PA, energy efficiency and long life time [8] , and it can be built by leveraging the LED lighting infrastructure, leading to low cost.
In the reported VLP systems, photodetectors (PDs) are typically used as the receivers. A PD is able to estimate the transmission distance by detecting and analyzing the light properties such as received signal strength (RSS) [9] , time of arrival (TOA) or time difference of arrival (TDOA) [10] , and phase of arrival (POA) or phase difference of arrival (PDOA) [11] . However, the RSS based technique relies on the condition that the LED's transmitted power is perfectly known and does not change with time, while both TOA/TDOA and POA/PDOA based techniques require extremely accurate devices and measurements [8] . Also, PDs are found susceptible to the direction of a light beam, which may greatly limits the users' mobility [12] .
A promising alternative is to use an image sensor (IS) as the receiver [13] - [17] .Work in [16] utilized a fish-eye lens-equipped camera to capture more reference lamps, thus to improve the PA. Work in [13] demonstrated a centimeter-level accuracy VLP system where both PD and camera served as the receivers. However, most of these reported systems aim to acquire high PA, but pay much less attention to the employed positioning algorithms, which largely determine the system acquisition time and the success rate. In the literature [15] - [17] , iteration-based solvers, e.g., Levenberg-Marquardt [18] and Newton solvers, were commonly adopted to solve non-linear least-square (NLLS) positioning problems. But they are found sensitive to the initial guesses, which means the algorithm may fail to converge or suffer a long response time and a large positioning error when starting from a bad guess. Recently, some works investigated the error performance of VLP systems using different techniques. Cramer-Rao lower bounds (CRLB) were derived as the theoretical PA limits of the VLP systems based on RSS technique [19] and hybrid TDOA/RSS technique [20] , respectively. Yet, error analysis is rarely found in the IS-based VLP systems especially for the 3D positioning scenario.
In this paper, a VLP system using a smartphone camera as an IS is investigated and improved. The main contributions of our work are summarized as follows: (a) A new non-iterative positioning algorithm: we derive a close-form expression to determine the receiver's position and orientation using the singular value decomposition (SVD) technique and propose a SVD-based positioning algorithm which is 50-80 times faster and more robust than the conventional LM-based positioning algorithm [18] . (b) Theoretical positioning error analysis: the expressions of the CRLB and root mean square error (RMSE) bound of the estimated position are derived, which sets theoretical limit for the PA and reveals the impact of system parameters such as the relative height, image processing noise and the number of LED lamps on the positioning error. The rest of the paper is organized as follows. Section II introduces the system model and the positioning principle. Section III derives the close-form solution and proposes a new SVD-based positioning algorithm. The CRLB/RMSE bound is investigated in Sections IV. Section V compares two positioning algorithms (LM-based & SVD-based) and illustrates the positioning error bounds under different system configuration. Finally, the experimental set-up and positioning results are provided in Section VI, and the conclusion is given in Section VII.
II. SYSTEM MODEL
The studied VLP system has similar hardware setting with the work in [15] , which includes three LED lamps as transmitters, and a smartphone camera as the receiver. Each LED lamp is assigned with a unique ID, which is related to its location and stored in an ID-location database. The light intensity of each LED is modulated to broadcast its ID frame repeatedly. The CMOS camera in the smartphone is utilized to detect the modulated signals by making use of the rolling shutter effect (RSE) [21] . When one holds a smartphone, the front camera will periodically capture pictures of LED lamps mounted on the ceiling. These pictures are then processed to acquire the centroids and IDs of the captured LED images. Consequently, both receiver's location and orientation can be obtained. The VLP system is based on the pinhole camera projection model [22] . As illustrated in Fig. 1 , LED lamps 1, 2 and 3 are placed at A, B and C, which are projected to the image plane at three separate spots centered at A , B and C , respectively. The locations of the LED lamps are recorded in the global coordinate system (GCS) as (x i , y i , z i ) , i = 1, 2, 3. Meanwhile, the three LED images' centroids are denoted in the receiver coordinate system (RCS) as (m i , n i , l) , i = 1, 2, 3, respectively, where (m, n) are 2D coordinates on the image plane and l is the distance between the lens center O and the image plane. In this system, the LED lamps' locations (x i , y i , z i ) are pre-determined, and the corresponding images' centroids coordinates (m i , n i ) are obtained by image processing. Assuming that all the captured images are well focused on the focal plane, we have l = f . The transformation from an object point (LED lamp centroid) to its corresponding image point (lamp image centroid) can be described as a compound procedure of scaling, rotation and translation.
The scaling factors associated with the three LED lamps, i.e., K 1 , K 2 and K 3 , can be calculated using the method in [15] . The image centroid coordinates of the i-th LED are then scaled by multiplying the corresponding scaling factor K i ,
These two coordinates, (x n , y n , z n ) and (u n , v n , w n ) have the same scale after the scale transformation. They are related by a rotation matrix R and a translation θ [22] ,
where θ = (θ x , θ y , θ z ) T is a 3 × 1 vector which represents the receiver's location in the GCS [15] and R is a 3 × 3 matrix representing the receiver's orientation which is given in (3),
where α, β and γ represent the receiver's rotation angles around X-, Y-, and Z-axes, respectively. Equation (2) contains six unknowns, i.e., α, β and γ in R and θ x , θ y and θ z in θ . Since each lamp gives two independent equations, at least three lamps are required to work out the 6 unknowns. The Frobenius norm is used to measure the following squared cumulative error (SCE),
which should be zero ideally. However, it is usually greater than zero due to the measurement and image processing errors. The location and orientation of the receiver are then estimated by minimizing the SCE. In the literature, Levenberg-Marquardt (LM) solver is employed widely to solve the above NLLS positioning problem [16] . However, it only finds a local minimum which may not be the global optimum. Meanwhile, it may take a long time to converge when given a bad initial guess. To address the above problems, we propose a fast and robust non-iterative positioning algorithm by deriving a close-form solution to the receiver's orientation and location using the SVD technique.
III. SVD-BASED POSITIONING ALGORITHM
Considering this problem as 3D point fitting problem [23] , we define two new vectors P 0 and P 0 to represent the centroid coordinates of 3 objects and their image points, respectively,
where P 0 and P 0 should satisfy P 0 = RP 0 + θ . Two matrices Q i and Q i (i = 1, 2, 3) are defined based on P 0 and P 0 ,
Recall that the receiver's position and orientation are estimated by minimizing the square cumulative error (SCE) given by (4) . By substituting (6) into (4), the SCE is rewritten into (7),
where the translation matrix θ is successfully canceled. The optimization is divided into two steps: (i) find R opt to minimize (7); (ii) calculate θ opt as θ opt = P 0 − R opt P 0 .
We denote Tr(·) as the trace of a matrix. Since ||A|| 2 F = Tr(A T A) holds for as an arbitrary matrix, (7) can be further expanded as,
It is noticed that both Q T i Q i and Q T i Q i are known and fixed. According to the property that Tr(A T B) = Tr(B T A) for A and B being vectors or matrices, Q i T RQ i and Q T i R T Q i have the same trace, and minimizing (8) is equivalent to maximizing (9),
where
where both U and V are 3 × 3 orthonormal matrices, while is a diagonal matrix. Substituting (10) into (9) yields
Let W = V T RU, and W is found to be an orthogonal matrix. Then the SCE function (E 2 ) turns to, 
According to the isometry property of an orthogonal matrix
where δ i is the non-zero element of i and θ ij is the j-th element of W i . Thus, δ i ≥ θ ij , ∀j,
where I is an identity matrix. Hence, the lemma is proved. Based on this lemma, we obtain,
Therefore, the close-form solution to R is given by,
Before the position is estimated by θ opt = P 0 − R opt P 0 , we have to check the determinant of the orthogonal matrix R opt . In the case of det(R opt ) = 1, R opt is the optimal estimation of rotation matrix; while in the case of det(R opt ) = −1, R opt is called improper rotation, which should be discarded. The proposed low-complexity noniterative SVD-based positioning algorithm is summarized below (see Algorithm 1). Furthermore, the specific Euler angles can be calculated in the same fashion as in [24] . 
IV. POSITIONING ERROR ANALYSIS
To further analyze the IS-based positioning system, we derive the CRLB and RMSE bound of the estimated 3D position, which is not seen in the literature. Here, the CRLB denotes the variance bound of three respective coordinates (x-, y-, z-) errors, while the RMSE bound represents the overall 3D error bound of the estimated position.
Assuming that M LED lamps are deployed as transmitters in a VLP system. A smartphone is placed at a certain location as the receiver. After taking a picture, N (3 ≤ N ≤ M ) lamps are captured. The picture is then processed to acquire the captured lamps centers' coordinates as the observation vector r. In the presence of noises (image processing errors), the projection relationship (2) can be written as,
where r j is the j-th observation; n j (j = 1, 2, · · · , 3N ) are the mutually independent image processing noise and assumed to be Gaussian, i.e., n j ∼ N (0, σ 2 j ); θ = (θ x , θ y , θ z ) T denotes the receiver's location in GCS and f j is defined as,
In (19) , W i ∈ 3×1 is the 3-dimentional coordinates of the i-th lamp in the GCS which is pre-known. R ∈
3×3
describes the orientation of the receiver as given by (3).
R m denotes the m-th row of R. s i ∈ is the i-th scaling factor, which in practice is approximately the ratio of the camera focal length to the lamp's relative height (the lamp's height minus the camera's height), i.e., s i ≈ f /H r = s 0 . We further define the following vectors:
Hence, (18) can be written in a more compact form,
When the image processing errors are mutually independent Gaussian distribution variables, the probability density function (p.d.f) of r conditioned on θ is given by,
We use r to estimate the receiver's position θ = (θ x , θ y , θ z ) T . Let θ = (θ x ,θ y ,θ z ) T be the unbiased estimation of true receiver's location. According to the Cramer-Rao theory, the variance of the k-th parameter of θ is lower bounded by
and the RMSE of the estimated position θ is lower bounded by,
where is the fisher information matrix (FIM). Here FIM is a 3-by-3 symmetric square matrix with elements defined in terms of p ( r| θ),
Substituting (22) into (25), after some mathematical manipulations, the FIM elements are calculated,
Since the camera configuration and the image processing algorithm are fixed in capturing and processing one picture, the error (noise) power on each dimension of r can be considered to be equal, i.e., σ 2 j = σ 2 n . Therefore, FIM is reduced to a simple diagonal matrix, Then, CRLB of each dimension of the estimated position (θ x ,θ y ,θ z ) is readily calculated with the obtained FIM,
It is easy to see that,
and the RMSE bound of 3D positioning is
Equations (29) and (30) specify the lower limit of the positioning error in an IS-based VLP system. It is evident that the CRLB and RMSE bound depends on i) the number of LED lamps, ii) the image processing error power which is influenced by CMOS sensor model, camera configuration, image processing algorithm, etc., iii) the scaling factor s 0 . Although this conclusion is applicable to the case with the knowledge of orientation, the theoretical analysis provides the useful insight for the future system investigation, e.g., estimating the averaging PA in a system, designing the LED lamps deployment according to the PA requirement. The influence of the rotation angle error will be considered in our future work.
V. SIMULATION AND DISCUSSION
In this section, we carry out simulations to compare the LM and SVD-based positioning algorithms. Also, we investigate the impact of various parameters on the RMSE bound of the estimated receiver's position. Table 3 . The image points' coordinates are generated based on the pinhole projection model. Based on the experimental statistics, Gaussian distributed errors with standard deviation of 30 pixels are added on the resulting image points as noise. Then, two algorithms are run 10,000 times respectively to estimate R opt and T opt . The initial guesses of the LM-based algorithm, i.e. (α 0 , β 0 , γ 0 , x 0 , y 0 , z 0 ), are randomly generated within the range of (≤ ±40 • , ≤ ±40 • , ≤ ±180 • , ≤ 5m, ≤ 5m, ≤ 3m). Table 1 compares the running speed of two algorithms in terms of average and maximum time consumptions per run when various numbers of LED lamps (3 to 9) are used. As shown in Table 1 , the SVD-based positioning algorithm is averagely 50 − 80 times faster than the iterative LM-based positioning algorithm. The reason is that the âĂŸbad initial guesses' involved in the LM-based algorithm tend to result in a large number of iterations. The delay maybe even severer in the case of smartphones with slower processors. Besides, the bad guesses are likely to cause large errors. As observed in Table 2 , the LM-based algorithm suffers roughly 90 failures (error > 50 cm) out of 10, 000 runs, while the SVD-based algorithm works robustly in all trials. The error of the LM-based algorithm is found larger than that of the SVD-based algorithm in the presence of positioning failures. However, it is comparable with the SVD-based algorithm after excluding those errors of failed runs. That is, the SVD-based algorithm achieves better or at least the same positioning accuracy using much less time.
B. POSITIONING ERROR BOUND
In Section V, both the CRLB for x-, y-, z-coordinates and the overall positioning error (RMSE) bound are derived. Here, we study the impact of some specific parameters on the RMSE bound. The system parameters are set the same as VOLUME 5, 2017 those in subsection VI A. The results show that the mm-cm level of PA is achievable using a smartphone camera in typical indoor environment.
As shown in Fig. 2 (a) , the RMSE bound decreases as the number of captured lamps increases. The relative height between LED lamps and smartphone camera, noted as H , is around 3 m in indoor when a person holds a smartphone. One-meter drop in the H leads to 0.7 cm decrease in the RMSE bound. RMSE bound is also influenced by the noise power. We process 80 captured images. The minimum, mean and maximum center searching errors are 5, 30 and 84 pixels, which are used as the standard variance of noise in the simulations. The corresponding noise power in dB is then given as −105 dB ∼ −80 dB as shown in Fig. 2 (b) . The typical (average) case is given by the black curve with −90 dB noise power. The positioning error is 1.3 cm when 3 lamps are employed, and it gradually decreases to 0.7 cm when 10 lamps are utilized. Fig. 2 (c) shows the impact of H together with the noise power on the positioning error bound. When both typical values (−90 dB, 300 cm) are taken, it shows an achievable PA of 1.4 cm.
VI. EXPERIMENT
In this section, we experimentally verify the effectiveness of the proposed SVD-based positioning algorithm and evaluate the PA of the improved system in a practical scenario. The positioning results are shown and discussed.
A. EXPERIMENTAL SETUP AND PARAMETERS
As illustrated in Fig. 3 , three LED lamps are mounted on the floor instead of the ceiling for convenience. The locations of three LED lamps (in cm) are (40.7, 83.6, 9.2), (72.0, 62.3, 9.7), (41. 2, 46.7, 9.9 ). An arbitrary waveform generator (AWG) is used to generate the waveforms of ID frames which are then added to the DC bias of LEDs through modulators. The rear camera of a smartphone with resolution around 40 Mega pixels is used as the receiver. A laptop is used for image processing and position calculation. The specifications and modulated LED ID frames are given in Tables 3 and 4 .
B. EXPERIMENT RESULTS
We evaluate the PA in two planes with the heights from the floor setting to be 120 cm (Case I) and 160 cm (Case II), respectively. 35 grid testing points are deployed on each plane.
The proposed algorithm successfully localizes the smartphone in millisecond at every testing point. Fig. 4 illustrates the X-Y and X-Z views of 3D positioning results in two cases respectively. Generally, it's found that the paths of estimated positions in both cases match well with that of real positions. Yet, the variance of the localization error for Case II is slightly larger than that for Case I. The estimated X and Y coordinates are quite accurate. Specifically, the mean errors on X-coordinates are about 2 cm for H = 120 cm and 3 cm for H = 160 cm. Even smaller errors are observed on Y-coordinates which are averagely 1 cm and 2.5 cm respectively. However, the Z-coordinates errors are found to be much larger which are averagely 5 cm for H = 120 cm and 7 cm for H = 160 cm. This is probably because the movements along X-and Y-axes would result in a big difference in the locations of LED images, while the movements along Z-axis bring about relatively smaller changes on the images' locations as the Z-axis is vertical to the image plane. Thus, larger positioning errors are observed on the Z-coordinates. In addition, the positioning errors on the marginal area of testing planes are generally larger than those of the central area. Due to the limited FoV (51 • ) of the lamp shades, part of the light is blocked when the camera moves towards the marginal area, where the signal-to-noise ratio (SNR) decreases. with the median error of 6 cm. For Case II (H = 160 cm), the positioning error ranges from 2.2 cm to 13.7 cm with the median error of 8 cm. The results demonstrate that, on the one hand, the system accomplishs highly accruate 3D positioning in centimeters in practical environment, on the other hand, the proposed algorithms and system work robustly and reliablly as the 3D positioning error varies within 12 cm.
VII. CONCLUSION
In this work, we investigate the positioning algorithm and error performance of an IS-based VLP system. A SVD-based positioning algorithm is proposed to estimate the receiver's location and orientation, which is more robust and 50 − 80 times faster than the conventional iterative LM-based algorithm. In the positioning error analysis, the CRLB and the RMSE bound of the estimated receiver's position are derived as the theoretical accuracy limits. Simulation results suggest that our system is able to achieve a positioning accuracy of around 1 cm under typical parameter settings. In practical experiments, the average 3D positioning errors on two testing heights are 6 cm (H = 120 cm) and 
